Screw invariant marginally trapped surfaces in Minkowski 4-space  by Haesen, Stefan & Ortega, Miguel
J. Math. Anal. Appl. 355 (2009) 639–648Contents lists available at ScienceDirect
Journal of Mathematical Analysis and Applications
www.elsevier.com/locate/jmaa
Screw invariant marginally trapped surfaces in Minkowski 4-space✩
Stefan Haesen a, Miguel Ortega b,∗
a Simon Stevin Institute for Geometry, Wilhelminaweg 1, 2042 Zandvoort, The Netherlands
b Departamento de Geometría y Topología, Universidad de Granada, 18071 Granada, Spain
a r t i c l e i n f o a b s t r a c t
Article history:
Received 28 November 2008
Available online 14 February 2009
Submitted by H.R. Parks
Keywords:
Marginally trapped surface
Screw motion
Minkowski space
A spacelike surface in a Lorentzian manifold whose mean curvature vector is lightlike
everywhere is called marginally trapped. The classiﬁcation of marginally trapped surfaces
in Minkowski 4-space which are invariant under a subgroup of the Lorentz group that
leaves invariant a lightlike direction, i.e. the so-called screw invariant surfaces, is obtained.
As corollaries, the screw invariant marginally trapped surfaces with harmonic mean
curvature vector and with prescribed Gaussian curvature are explicitly described.
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1. Introduction
In General Relativity, a surface in a (4-dimensional) spacetime is called (i) trapped if it is closed, embedded, spacelike
and its mean curvature vector is everywhere timelike. These surfaces were deﬁned by Penrose [20] in order to study
global properties of spacetimes, like e.g. singularity problems. In physics, similar or weaker deﬁnitions attract considerable
attention. Indeed, we can consider two future-pointing lightlike normal vectors to the surface. When the mean curvature
vector is proportional to one of them by a function Ξ , the surface is called (ii) marginally trapped if Ξ never vanishes,
(iii) partly marginally trapped if Ξ  0 or Ξ  0 and (iv) marginally outer trapped (MOTS, for short) if Ξ is arbitrary. Thus,
marginally trapped surfaces are useful to study the surfaces of black holes. Also, (generalized) horizons are hypersurfaces
foliated by marginally trapped surfaces, which are regions of the spacetime containing black holes.
However, in the mathematical literature, it is customary to call a surface in a 4-dimensional semi-Riemannian manifold
marginally trapped or quasi-minimal [23] if its mean curvature vector H satisﬁes ‖H‖ = 0, and removing the other hypothe-
ses, i.e., the surface does not need to be closed or embedded. In this way, several mathematical techniques have been used
to study both physical and mathematical properties of such surfaces. Moreover, classiﬁcation results in Lorentzian mani-
folds and in Lorentzian complex space forms were obtained with some extra conditions on the mean curvature vector, the
Gaussian curvature or the second fundamental form. For example:
1. Flat marginally trapped surfaces and biharmonic surfaces in E42 were classiﬁed in [5].
2. Marginally trapped slant surfaces in complex space forms were classiﬁed in [8].
3. Marginally trapped surfaces with positive relative nullity in Lorentzian space forms were classiﬁed in [9].
4. The non-existence of marginally trapped surfaces in Robertson–Walker spaces with positive relative nullity was shown
in [10].
5. Marginally trapped surfaces with parallel mean curvature vector in Lorentzian space forms were classiﬁed in [11].
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not zero at least in a point was shown.
7. Also, the non-existence of MOTS bounding a domain and entering a region of a static spacetime where the Killing vector
ﬁeld is timelike, and with the additional assumptions of dominant energy condition and an outer untrapped barrier, was
shown in [3].
8. Last, but not least, marginally trapped Lagrangian surfaces in Lorentzian complex space forms were classiﬁed in [6].
In [14,15], a different point of view was adopted. There, marginally trapped surfaces in Minkowski space L4 which are
invariant under the action of a subgroup of the Lorentz group were classiﬁed, obtaining a long list of applications. For
instance, a gluing method was used to construct examples of families of surfaces explained in [21].
The study in [14,15] continues in this paper. The main result is the classiﬁcation of marginally trapped spacelike surfaces
in L4 which are invariant under a group of screw rotations, i.e., a group of Lorentz rotations with an invariant lightlike
direction, cf. Theorem 1. As corollaries, we obtain the following results in the class of screw invariant surfaces with ‖H‖ = 0:
1. All maximal screw invariant surfaces are explicitly described.
2. It is shown that it is possible to construct a screw invariant marginally trapped surface with prescribed Gaussian
curvature. The case of constant Gaussian curvature is also considered.
3. Screw invariant marginally trapped surfaces with parallel second fundamental form and those with parallel mean cur-
vature vector ﬁeld are obtained.
4. The notion of null allied mean curvature vector ﬁeld is introduced and, in our setting, it is shown that this vector ﬁeld
vanishes if, and only if, the screw invariant marginally trapped surface is ﬂat.
5. Screw invariant marginally trapped surfaces with harmonic mean curvature vector are classiﬁed.
2. Preliminaries
Let M be a 2-dimensional submanifold of the 4-dimensional Lorentz–Minkowski space L4, whose ﬂat metric g˜ is given
in local coordinates by
ds2 = −dx21 + dx22 + dx23 + dx24.
We denote by g the induced metric on M and will assume that this metric is positive deﬁnite. Let ∇˜ and ∇ be the Levi-
Civita connections of L4 and M , respectively. The Riemann–Christoffel curvature tensor of M will be denoted by R . With h
we denote the second fundamental form of M in L4, as deﬁned by the formula of Gauss which gives the decomposition of
the vector ﬁelds ∇˜X Y in their tangential and normal components:
∇˜X Y = ∇X Y + h(X, Y ), (1)
whereby here and in the following X, Y , etc. stand for tangent vector ﬁelds of M in L4, while ξ,η, etc. will stand for normal
vector ﬁelds on M in L4.
The shape operator Aξ of a submanifold M in L4 with respect to a normal vector ﬁeld ξ , and the normal connection
∇⊥ , are deﬁned by the formula of Weingarten, which gives the decomposition of the vector ﬁelds ∇˜Xξ in their tangential
and normal components:
∇˜Xξ = −Aξ (X) + ∇⊥X ξ. (2)
The second fundamental form and the shape operator are related by g˜(h(X, Y ), ξ) = g(Aξ (X), Y ). From the above we see
that, given a (local) orthonormal normal frame ﬁeld {ξ1, ξ2} on M in L4, with ε1 = g˜(ξ1, ξ1) = −1 and ε2 = g˜(ξ2, ξ2) = 1,
then h(X, Y ) =∑2n=1 εn g˜(h(X, Y ), ξn)ξn =∑2n=1 εn g(An(X), Y )ξn , where An denotes the shape operator corresponding to ξn ,
n = 1,2. The mean curvature vector ﬁeld H of M in L4 is deﬁned as H= 12 trh, i.e., given a local orthonormal frame {E1, E2}
of TM , H = 12 {h(E1, E1) + h(E2, E2)}. Assume that X(u, v) is a local parametrization on the surface M . Then, from the
classical theory of surfaces (see e.g. [22]), with the notation 2Hn = trg An and
E = g˜(Xu, Xu), F = g˜(Xu, Xv), G = g˜(Xv , Xv),
en = g˜(Xuu, ξn), fn = g˜(Xuv , ξn), gn = g˜(Xvv , ξn), n = 1,2,
we obtain
2Hn = enG − 2 fn F + gnE
EG − F 2 , n = 1,2.
Another useful local basis {k, l} of the normal bundle of M can be chosen such that both vectors are null, future-pointing
and satisfy the normalization condition g˜(k, l) = −1. In the following, we choose
k = 1√ (ξ1 − ξ2) and l = 1√ (ξ1 + ξ2).
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H= −
√
2
2
(H1 + H2)k −
√
2
2
(H1 − H2)l.
Besides the extrinsic mean curvature, also the intrinsic Gaussian curvature K of the surface can be expressed in terms of
the coeﬃcients of the ﬁrst and second fundamental forms as (see e.g. [22]),
K = −det(A1) + det(A2)
det(g)
= −e1g1 + e2g2 + f
2
1 − f 22
EG − F 2 .
The normal curvature tensor R⊥ , i.e. the curvature tensor of the normal connection ∇⊥ , is given by R⊥(X, Y ; ξ,η) =
g˜(R⊥(X, Y )ξ,η), whereby R⊥(X, Y ) stands for the normal curvature operator:
R⊥(X, Y ) = ∇⊥X ∇⊥Y − ∇⊥Y ∇⊥X − ∇⊥[X,Y ].
For tensor ﬁelds deﬁned on a submanifold M in L4 and which involve a “mixture” of tangent and normal vector ﬁelds,
the suitable covariant derivatives are determined by the connection ∇ of Van der Waerden–Bortolotti. For instance, the
derivative with respect to a tangent vector ﬁeld X of the normal bundle valued (0,2)-tensor ﬁeld h acting on two tangent
vector ﬁelds Y and Z is given by
(∇h)(Y , Z; X) := (∇ Xh)(Y , Z) =
(∇⊥X )(h(Y , Z))− h(∇X Y , Z) − h(Y ,∇X Z). (3)
The integrability conditions of (1) and (2) imply the equations of Gauss, Codazzi and Ricci of submanifold theory, respec-
tively:
R(X, Y , Z ,W ) = g˜(h(X,W ),h(Y , Z))− g˜(h(X, Z),h(Y ,W )),
g˜
(
(∇ Xh)(Y , Z), ξ
)= g˜((∇Y h)(X, Z), ξ),
R⊥(X, Y ; ξ,η) = g([Aξ , Aη](X), Y ),
whereby [Aξ , Aη] = Aξ Aη − Aη Aξ (see e.g. [4] for more details).
Without loss of generality, we consider in the following the two lightlike vectors k = (1,1,0,0)/√2 and l =
(1,−1,0,0)/√2. A spacelike surface M in L4 is called screw invariant if it is invariant under the following group of lin-
ear isometries of L4:
G=
⎧⎪⎨⎪⎩Cu =
⎛⎜⎝
1 0 0 0
u2 1
√
2u 0√
2u 0 1 0
0 0 0 1
⎞⎟⎠ : u ∈ R
⎫⎪⎬⎪⎭ ,
i.e., if CuM = M , for any u ∈ R, where the previous matrices are written with respect to the basis {k, l,e3,e4}. Thus,
Cu(k) = k + u2l +
√
2ue3, Cu(l) = l, Cu(e3) =
√
2ul + e3 and Cu(e4) = e4. We need to introduce a parametrization on a
dense open subset of M in terms of a proﬁle curve α and G. To do so, we summarize the orbits of points of L4 by G. Thus,
given a point p = ak+ bl+ ce3 + de4 ∈ L4, its orbit is [p].
• If p ∈ Π = Span{l,e4}, then [p] = {p}, i.e., p is a ﬁxed point of the action of G if and only if a = c = 0.
• If a = 0 and c = 0, then [p] = {(b + √2uc)l + ce3 + de4: u ∈ R}. This is a lightlike straight line contained in H =
{ak+ bl+ ce3 + de4 ∈ L4: a = 0}.
• If a = 0, the orbit is just a (Euclidean) parabola. We deﬁne the half-spaces R+ = {p ∈ L4: a > 0} and R− = {p ∈ L4:
a < 0}. Then, if a > 0, [p] ⊂ R+ and if a < 0, [p] ⊂ R− .
Needless to say, both R+ and R− are G-invariant. We also point out that for each p ∈ R+ ∪ R− , there exists u ∈ R such
that c = 0. We will make all the computations for surfaces contained in R+ . Similar results can be easily stated for surfaces
included in R− .
If M is a screw invariant spacelike surface in L4, we can introduce a parametrization X(t,u) on a dense open subset Σα
of M as follows: Σα = {X(t,u) = Cu · α(t): t ∈ I, u ∈ R}, where
α : I ⊂ R → P = {ak+ bl+ ce3 + de4 ∈ R+: c = 0},
t → α(t) = αk(t)k+ αl(t)l+ α4(t)e4.
Without loss of generality we can assume that the spacelike curve α is arc-length parameterized, i.e., g˜(α′(t),α′(t)) = 1.
This means
−2α′(t)α′ (t) + α′4(t)2 = 1. (4)l k
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X(t,u) = αk(t)k+
(
u2αk(t) + αl(t)
)
l+ √2uαk(t)e3 + α4(t)e4, t ∈ I, u ∈ R. (5)
The derivatives of X(t,u) are
Xt = α′k(t)k+
(
u2α′k(t) + α′l (t)
)
l+ √2uα′k(t)e3 + α′4(t)e4, Xu = 2uαk(t)l+
√
2αk(t)e3.
The induced metric on the surface reads
ds2 = dt2 + 2αk(t)2 du2.
The Gaussian curvature of a screw invariant spacelike surface is as follows,
K = −α
′′
k (t)
αk(t)
. (6)
3. Classiﬁcation theorem
We recall that the set {k, l,e3,e4} is a basis of L4 such that k and l are future-pointing lightlike vectors satisfying
g˜(k, l) = −1, whereas e3 and e4 are unit spacelike vectors which are also orthogonal to k and l.
Theorem 1. Let M be a screw invariant spacelike surface in R+ satisfying ‖H‖ = 0. Then, M is locally congruent to a surface Σα
whose proﬁle curve α(t) = αk(t)k+ αl(t)l+ α4(t)e4 falls in one of the following two cases:
I. Given αk0, δ, t0 ∈ R, with δ = ±1, αk0 > 0, deﬁne αk,αl,α4 : I ⊂ R → R, αk(t) = αk0 , α4(t) = δt + t0 and αl(t) is any smooth
function. Then,
H = 1+ αk0α
′′
l (t)
2αk0
l. (7)
II. Given two functions ρ : I ⊂ R → R and ε : I ⊂ R → {±1}, such that ρ and ερ are smooth, deﬁne the functions f ,αk,α4,αl :
I ⊂ R → R as follows,
f (t) =
t∫
t0
ε(r)ρ(r)dr + f0, αk(t) =
√√√√√αk0 + t∫
t0
exp
(
f (s)
)
ds,
α4(t) = α40 + α41αk(t) +
t∫
t0
exp( f (s))
αk(s)
( s∫
t0
αk(w)ρ(w)
exp( f (w))
dw
)
ds,
αl(t) = αl0 +
t∫
t0
αk(s)
4exp( f (s))
(
αk0 +
t∫
t0
2αk(w)ρ(w)
exp( f (w))
dw
)2
ds −
t∫
t0
2αk(s)
exp( f (s))
ds, (8)
with αk0 , αl0 , α40 , α41 , f0 ∈ R, αk0 > 0. Then,
H = ρ(t)
2
(εξ1 + ξ2), (9)
where
ξ1 = α′k(t)k+
(
1
α′k(t)
+ u2α′k(t) + α′l (t)
)
l+ √2uα′k(t)e3 + α′4(t)e4,
ξ2 =
(
α41 + 2
t∫
t0
2αk(w)ρ(w)
exp( f (w))
dw
)
l+ e4,
is an orthonormal frame of the normal bundle, with ξ1 timelike and ξ2 spacelike.
Proof. Let M be a screw invariant surface in L4 satisfying ‖H‖ = 0. Then, there exists a unit spacelike curve α : I ⊂ R → L4,
α(t) = αk(t)k + αl(t)l + α4(t)e4, such that Σα is dense in M . Note that I ⊂ R does not need to be connected. Now, we
consider the subsets J1 = {t ∈ I: α′k(t) = 0} and J2 the set of the interior points of {t ∈ I: α′k(t) = 0}. Clearly, J1 ∪ J2 is
dense in I .
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of J2. Since the curve α is unit, there exist real constants t0, δ = ±1 and αk0 > 0 such that αk(t) = αk0, α4(t) = δt + t0, for
any t ∈ C . In this case, the parametrization is
X(t,u) = αk0k+
(
αk0u
2 + αl(t)
)
l+ √2uαk0e3 + (δt + t0)e4.
A straightforward computation gives the following globally deﬁned orthonormal basis of the normal space of Σα| J2 ,
ξ1 = k+ 2u
2 + α′l (t)2 + 1
2
l+ √2ue3 + δα′l (t)e4,
ξ2 = k+ 2u
2 + α′l (t)2 − 1
2
l+ √2ue3 + δα′l (t)e4,
where ξ1 is timelike and ξ2 spacelike. Next, using these vectors, we obtain
er = −α′′l (t), fr = 0, gr = −2αk0, (10)
for r = 1,2. This means that the components of the second fundamental form with respect to ξ1 and ξ2 coincide. Thus,
H1 = H2 = −(αk0α′′l (t) + 1)/αk0. This readily shows ‖H‖ = 0.
Secondly, if J1 is not empty, we work in a connected component C of J1. A globally deﬁned orthonormal tangent frame
on Σα| J1 is u1 = Xt and u2 =
√
2ul + e3, and a globally deﬁned orthonormal basis of the normal bundle of Σα| J1 is given
by
ξ1 = α′k(t)k+
(
1
α′k(t)
+ u2α′k(t) + α′l (t)
)
l+ √2uα′k(t)e3 + α′4(t)e4,
ξ2 = α
′
4(t)
α′k(t)
l+ e4.
A straightforward computation shows that the components of the second fundamental form are given by
e1 = −α
′′
k (t)
α′k(t)
, f1 = 0, g1 = −2αk(t)α′k(t), e2 = α′′4 (t) −
α′4(t)α′′k (t)
α′k(t)
, f2 = 0, g2 = 0. (11)
The expansions along ξ1 and ξ2 are
2H1 = −α
′
k(t)
αk(t)
− α
′′
k (t)
α′k(t)
and 2H2 = α′′4 (t) −
α′4(t)α′′k (t)
α′k(t)
. (12)
We recall that ‖H‖ = 0. This means that H21 = H22. Then, there exists ε : J1 ⊂ R → {±1} such that H1 = −εH2. If we call
ρ = 2H2, we obtain
ρ(t) = α′′4 (t) −
α′4(t)α′′k (t)
α′k(t)
and ε(t)ρ(t) = α
′
k(t)
αk(t)
+ α
′′
k (t)
α′k(t)
. (13)
The second differential equation of (13) can be solved by making the change αk(t) =
√
b(t), since then it reduces to
b′′(t)
b′(t)
= ε(t)ρ(t),
whose general solution is
b(t) = αk0 +
t∫
t0
exp
(
f (s)
)
ds, f (s) =
s∫
t0
ε(r)ρ(r)dr + f0, αk(t) =
√
b(t),
where αk0 > 0, f0 ∈ R and t0 ∈ J1. Because αk(t) > 0, we need αk0 > 0. Next, we can solve the ﬁrst differential equation
of (13). To do so, we regard it as a differential equation with unknown α4 and parameters αk and ρ ,
α′′4 (t) =
α′′k (t)
α′k(t)
α′4(t) + ρ(t),
whose general solution is
α4(t) = α40 + α41αk(t) +
t∫
t0
α′k(s)
( s∫
t0
ρ(w)
α′k(w)
dw
)
ds,
where α40,α41 ∈ R. To compute αl(t), we recall that the curve is unit, i.e., α′l (t) =
α′4(t)2−1
2α′k(t)
. 
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This makes cases I and II excluding.
Remark 2. From (10) and (11), it follows that all screw invariant marginally trapped surfaces in L4 have ﬂat normal connec-
tion, i.e., R⊥ = 0.
We will say that a surface Σα is of type I (respectively, of type II) if the proﬁle curve is as in Theorem 1, case I (respec-
tively, case II), but with the additional condition that the domain of the curve I is an interval. In particular, the surface Σα
is connected.
4. Subclasses of screw invariant surfaces
We recall that a surface is called maximal whenever H= 0. From the above theorem, we can compute the maximal screw
invariant surfaces in R+ .
Corollary 2. Let M be a maximal screw invariant spacelike surface in R+ . Then, M is locally congruent to a surface Σα whose proﬁle
curve α(t) = αk(t)k+ αl(t)l+ α4(t)e4 falls in one of the following two cases:
I. Given αk0,αl0,αl1, δ, t0 ∈ R, with δ = ±1, αk0 > 0, deﬁne αk,αl,α4 : I ⊂ R → R, αk(t) = αk0 , α4(t) = δt + t0 and αl(t) =
αl0 + αl1t − t2/(2αk0).
II. Given αk0,αk1,α40,α41,αl0 ∈ R, with αk1 > 0, deﬁne the functions αk,α4,αl : I ⊂ (−αk0αk1 ,+∞) ⊂ R → R as follows,
αk(t) =
√
αk1t + αk0, α4(t) = α40 + α41αk(t),
αl(t) = αl0 + (α41)
2
2
αk(t) − 23(αk1)2 αk(t)
3.
Corollary 3. Let κ : I ⊂ R → R be a smooth function. Given t0 ∈ I , there exist  > 0 and a unit spacelike curve α :
(t0 − , t0 + ) → R+ such that α is a unit proﬁle curve of the G-invariant surface Σα of type II whose Gaussian curvature sat-
isﬁes K (t,u) = κ(t) for any (t,u) ∈ (t0 − , t0 + ) ×R.
Proof. Given κ(t), it is possible to obtain a local solution αk(t) of the differential equation (6) in an interval
(t0 − , t0 + ) ⊂ I . Now, by (13), we obtain an expression for ερ . Since we are seeking an existence result, there is no
problem if we choose ε ≡ 1 and we rename ρ(t) in the previous expression, according to (13). Now, we only have to resort
to Theorem 1. 
Next, we can characterize the screw invariant type II surfaces with constant Gaussian curvature.
Corollary 4. A curve α(t) generates a screw invariant type II surface with constant positive Gaussian curvature K if and only if
ρ(t) = 2a2K cos(2√Kt + b), with a,b ∈ R.
Corollary 5. A curve α(t) generates a screw invariant type IImarginally trapped surface with constant negative Gaussian curvature K
if and only if
ρ(t) = 2
√−K (a2e2√−Kt + b2e−2√−Kt)
a2e2
√−Kt − b2e−2√−Kt ,
with a,b ∈ R.
A surface is said to be extrinsically symmetric or to have parallel second fundamental form if ∇h = 0. This notion was
studied extensively in the Riemannian setting (see e.g. [13,18]). In the Lorentzian setting, some partial results were known
(see e.g. [2,17]) until the recent paper [12], where a complete classiﬁcation of such surfaces in Lorentzian space forms
was obtained. However, with different techniques, we study which of the type I and type II surfaces have parallel second
fundamental form in the following result.
Proposition 6. A type I surface in L4 is extrinsically symmetric if and only if α′′′l (t) = 0. Further, there do not exist type II surfaces
in L4 with parallel second fundamental form.
Proof. We consider a local orthonormal frame {e1, e2} of M . From (3) it follows that
(∇h)(ei, e j; ek) = ∇⊥e
(
h(ei, e j)
)− h(∇e ei, e j) − h(ei,∇e e j).k k k
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of ∇h is (∇h)(e1, e1; e1) = 2α′′′l (t)k.
For a type II surface the normal basis {ξ1, ξ2} is not parallel. Remark that, because R⊥ = 0 for the screw invariant
marginally trapped surfaces, there always exists such a basis. We will however continue to work with the original basis
{ξ1, ξ2}. The non-trivial components of ∇h are
(∇h)(e1, e1; e1) =
{(
α′′k (t)
α′k(t)
)′
+
[
α′k(t)
(
α′4(t)
α′k(t)
)′]2}
ξ1 +
{
α′′k (t)
(
α′4(t)
α′k(t)
)′
+
[
α′k(t)
(
α′4(t)
αk′(t)
)′]2}
ξ2,
(∇h)(e1, e2; e2) =
{
α′′k (t)
αk(t)
−
(
α′k(t)
αk(t)
)2}
ξ1 + α
′
k(t)
2
αk(t)
(
α′4(t)
α′k(t)
)′
ξ2,
(∇h)(e2, e2; e1) =
(
α′k(t)
αk(t)
)′
ξ1 + α
′
k(t)
2
αk(t)
(
α′4(t)
α′k(t)
)′
ξ2.
Thus, a type II surface is extrinsically symmetric if and only if(
α′k(t)
αk(t)
)′
= 0 and
(
α′4(t)
α′k(t)
)′
= 0.
Hence, H1 = H2 = 0 and because α′k(t) = 0, the result follows. 
Remark 3. The condition for a submanifold to have parallel second fundamental form can be extended to submanifolds
which are semi-parallel (see e.g. [18] and references therein) and which are pseudo-parallel (see e.g. [1]). These conditions
are however trivial for spacelike surfaces with ﬂat normal connection in Minkowski space. Namely, a type I surface is
intrinsically and extrinsically ﬂat and hence it is automatically semi-parallel. A straightforward calculation shows further
that a type II screw invariant marginally trapped surface is semi-parallel if and only if it is ﬂat, i.e. α′′k (t) = 0. Moreover,
in [1] it is shown that every surface with trivial normal connection and K = 0 is pseudo-parallel.
Every submanifold which has parallel second fundamental form also has a parallel mean curvature vector ﬁeld, i.e.,
∇⊥H = 0. However, the converse is not true in general. In [11] a classiﬁcation is given of the marginally trapped surfaces
in Lorentzian space forms with parallel mean curvature vector ﬁeld. Before stating a result on screw invariant marginally
trapped surfaces with parallel mean curvature vector, we recall the deﬁnition of biharmonic surfaces. Let X : M → L4 be an
isometric immersion. Then, as is well known, X = −2H, with  the Laplace operator. A surface is maximal in L4 if and
only if the immersion X is harmonic, i.e., X = 0. The immersion X is said to be biharmonic if 2X = 0 [7]. In [11] it is
shown that a spacelike surface in L4 with parallel mean curvature vector ﬁeld is biharmonic if and only if AH = 0.
Proposition 7. If a type I surface in L4 has parallel mean curvature vector ﬁeld, then it is a ﬂat, biharmonic surface with parallel second
fundamental form. If a type II surface M in L4 has parallel mean curvature vector ﬁeld, then it is either ﬂat and lies on the lightcone, or
it is non-ﬂat and lies in the hyperbolic space H3(−r2), such that the mean curvature vector Ĥ of M in H3(−r2) satisﬁes g˜(Ĥ, Ĥ) = r2 .
Proof. From the expression (7) and the fact that the normal basis {ξ1, ξ2} is parallel, it follows that a type I surface has
parallel mean curvature vector if and only if α′′′l (t) = 0. From the proof of Theorem 1 if follows moreover that AH = 0.
A type II surface has parallel mean curvature vector if and only if ρ ′(t) + ερ(t)2 = 0, i.e., ρ(t) = ε(t + a)−1, a ∈ R. Using
Theorem 1, if αk0 > 0, the Gaussian curvature is
K = − 4e
foαk0
2αk0 + e fo (t + a)2 < 0.
The result then follows from the classiﬁcation theorem given in [11]. If αk0 = 0, then αk(t) = 12 e fo/2(t + a). From Proposi-
tion 6 it follows that these surfaces are not extrinsically symmetric and from Theorem 1 they are not biharmonic. Hence,
the ﬂat type II surfaces with parallel mean curvature vector lie on the lightcone LL4 = {X ∈ L4 | g˜(X, X) = 0}. 
The allied vector ﬁeld of a unit normal vector ﬁeld ξ of a submanifold Mm in a Riemannian manifold M˜m+p is given
by [4]
a(ξ) = 1
m
p∑
i=2
tr(Aξ ◦ Aξi )ξi,
where {ξ1 = ξ, ξ2, . . . , ξp} is a local orthonormal frame of the normal bundle of Mm in M˜m+p . In the particular case ξ =
H/‖H‖, one speaks of the allied mean curvature vector ﬁeld and submanifolds for which a(H) = 0 are called A-submanifolds
or Chen submanifolds. A characterization of Riemannian Chen submanifolds in Euclidean spaces in terms of properties of their
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the notion of allied mean curvature vector ﬁeld to the case where the normal space is two-dimensional Lorentzian and the
mean curvature vector is lightlike and non-vanishing. Denote with {H,H⊥} a pseudo-orthonormal basis of the normal space,
with g˜(H,H) = g˜(H⊥,H⊥) = 0 and g˜(H,H⊥) = −1. The null allied mean curvature vector ﬁeld will be deﬁned as
a(H) = 1
2
tr(AH ◦ AH⊥ )H⊥.
Proposition 8. A screw invariant marginally trapped surface of L4 has vanishing null allied mean curvature vector ﬁeld if and only if
it is ﬂat.
Proof. For a type I surface the mean curvature vector reads H = 1+αk0α′′l (t)2αk0 l. Then, H⊥ =
2αk0
1+αk0α′′l (t)
k. However, from (10) it
follows that AH = 0. Thus, every type I surface has vanishing null allied mean curvature vector ﬁeld.
For a type II surface, a straightforward calculation, using (11), gives
tr(AH ◦ AH⊥ ) =
1
2
{(
α′′k (t)
α′k(t)
)2
+
(
α′k(t)
αk(t)
)2
−
[
α′k(t)
(
α′4(t)
α′k(t)
)′]2}
.
Using the fact that ‖H‖ = 0, i.e.,(
α′k(t)
αk(t)
+ α
′′
k (t)
α′k(t)
)2
=
[
α′k(t)
(
α′4(t)
α′k(t)
)′]2
,
it follows that
a(H) = 1
2
KH⊥. 
5. Harmonic mean curvature vector
In this section we study those surfaces of type I or II with harmonic mean curvature vector. We recall that the Laplacian
of H is given by
H= ∇⊥V1∇⊥V1H− ∇⊥V2∇⊥V2H− ∇⊥∇V1 V1H− ∇
⊥∇V2 V2H, (14)
for an orthonormal frame {V1, V2} of Σα . We say that Σα has harmonic mean curvature vector if H= 0.
From (5) we recall X : I × R → L4, so that Xt ≡ ∂t and Xu ≡ ∂u . Bearing in mind the induced metric in Σα , we put
V1 = ∂t and V2 = ∂u/(
√
2αk), which is a globally deﬁned orthonormal frame. Thus, it is easy to compute
∇V1V1 = 0, ∇V2V2 = −
α′k
αk
∂t .
Firstly, we suppose that Σα is of type I. Then, a simple computation shows the following
Corollary 9. A surface of type I has harmonic mean curvature if, and only if,
αl(t) = αl3t3 + αl2t2 + αl1t1 + αl0,
for any constants αl3,αl2,αl1,αl0 ∈ R.
Secondly, we pay attention to surfaces of type II. Also, some other computations give
∇⊥∂t ξ1 = xξ2, ∇⊥∂t ξ2 = xξ1, x = α′′4 −
α′4α′′k
α′k
, ∇⊥∂u ξ1 = ∇⊥∂u ξ2 = 0. (15)
In this way, a straightforward computation gives
H=
(
ρ ′′ + 2εxρ ′ + εx′ρ + x2ρ + α
′
k
αk
(ρ ′ + εxρ)
)
(εξ1 + ξ2).
Therefore, Σα has harmonic mean curvature vector if, and only if,
ρ ′′ + 2εxρ ′ + εx′ρ + x2ρ + α
′
k
αk
(ρ ′ + εxρ) = 0.
This equation can be simpliﬁed further. To do so, we insert here the expression of α4 in (13) and its derivative, obtaining
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3 + 3εαkρρ ′ + εα′kρ2 + α′kρ ′ + αkρ ′′ = 0.
Next, we regard ρ as a function of αk , according to (13). By inserting it in the previous equation and by the value of x
in (15), we have
3α′kα
′′
k
αk
+ 3(α
′′
k )
2
α′k
+ 5α(3)k +
αkα
(4)
k
α′k
= 0, (16)
whereby α(i)k denotes the ith derivative of αk(t). Next, we make the change of variable αk =
√
b, so that Eq. (16) becomes
b(3)(t) + 2 b(t)
b′(t)
b(4)(t) = 0. (17)
Now, we have two cases.
Case A: We assume that on an open interval I1 ⊂ I , b(3) = 0. If we recall that αk and its derivative must be positive, we
restrict the interval I1 where the following deﬁnition of αk makes sense and its derivative is positive,
αk(t) =
√
αk2t2 + αk1t + αk0, αk2,αk1,αk0 ∈ R. (18)
We should point out that if αk2 = 0, we obtain a maximal surface, classiﬁed in Corollary 2. From now on, we assume
αk2 > 0. By Theorem 1, the proﬁle curve α is given by the following functions
α4(t) = −2tε + α40 + α41αk(t) + εαk(t)√
αk2
log
(
2
√
αk2αk(t) + 2αk2t + αk1
)
,
αl(t) = 4+ 4αk2α
2
41 + y(t)2
2αks
αk(t) − 4α41εt − 2αk2t − εα41αk2αk(t) + αk1
α
3/2
k2
y(t), (19)
y(t) = log(2√αk2αk(t) + 2αk2t + αk1).
Case B: We assume that b(3)(t) = 0 for any t in an open interval I2 ⊂ I . A ﬁrst integral of Eq. (17) is
b(3)(t)
√
b(t) = b0, b0 = 0. (20)
Corollary 10. A surface of type II has harmonic mean curvature vector if, and only if, Σα is locally congruent to one of the following
cases:
1. Σα is a maximal surface;
2. the generating curve α = αkk+ αll+ α4e4 is deﬁned by (18) and (19);
3. given a constant ε = ±1, and a positive solution of differential equation (20), b(t), with no critical points, we deﬁne
ρ = ε b
′′
b′
, αk =
√
b,
and the functions α4 and αl are as in Theorem 1.
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